This paper considers the valuation of European call options via the fast Fourier transform and the improved Mellin transform. The Fourier valuation techniques and Fourier inversion methods for density calculations add a versatile tool to the set of advanced techniques for pricing and management of financial derivatives. The Fast Fourier transform is a numerical approach for pricing options which utilizes the characteristic function of the underlying instrument's price process. The Mellin transform has the ability to reduce complicated functions by realization of its many properties. Mellin's transformation is closely related to an extended form of other popular transforms, particularly the Laplace transform and the Fourier transform. We consider the fast Fourier transform for the valuation of European call options. We also extend a framework based on the Mellin transforms and show how to modify the method to value European call options. We obtain a new integral equation to determine the price of European call by means of the improved Mellin transform. We show that our integral equation for the price of the European call option reduces to the Black-Scholes-Merton formula. The numerical results show that the tremendous speed of the fast Fourier transform allows option prices for a huge number of strikes to be evaluated very rapidly but the damping factor or the integrability parameter must be carefully chosen since it controls the intensity of the fluctuations and the magnitude of the functional values. The improved Mellin transform is more accurate than the fast Fourier transform, converges faster to the BlackScholes-Merton model, provides accurate comparable prices and the approach can be regarded as a good alternative to existing methods for the valuation of European call option on a dividend paying stock.
Introduction
In the past decades, option pricing has become one of the major areas in modern financial theory and practice. Since the introduction of the celebrated Black-Scholes option-pricing model, which assumes that the underlying stock price follows a geometric Brownian motion (GBM), there is an explosive growth in trading activities on derivatives in the worldwide financial markets [1] . [2] developed a fast Fourier method to compute option prices for a whole range of strikes. This method makes use of the characteristic function of the underlying asset price. The use of the fast Fourier transform method is motivated by the following reasons: the algorithm has speed advantage. This enables the Fourier transform algorithm to calculate prices accurately for a whole range of strikes. The characteristic function of the log-price is known and has a simple form for many models considered in literature while the density is often not known in the closed form. Option values can be calculated numerically by multiplying a payoff function with transition density of an underlying asset, then taking its discounted expectation with respect to an equivalent martingale measure (see [3] and [4] ). This method of martingale pricing is often computed with respect to the space of the asset, despite often posing more challenging. In 2002, [5] pioneered the method of using the Mellin transform to solve the associated Black-Scholes partial differential equation for a European call option. Mellin transforms in option theory were also introduced by [6] . They derived integral representations for the price of European and American basket put options using Mellin transform techniques. [7] derived integral representations for the prices of European and American put options on a basket of two-dividend paying stocks using integral method based on the double Mellin transform. They showed that by the decomposition of the integral equation for the price of American basket put option, the integral equation for the price of European basket put option can be obtained directly. The Mellin transform method for the valuation of the American power put option with non-dividend and dividend yields respectively was considered by [8] . They used the Mellin transform method to derive the integral representations for the price and the free boundary of the American power put option. They also extended their results to derive the free boundary and the fundamental analytic valuation formula for perpetual American power put option. For mathematical backgrounds, sporadic applications of transform methods in financial contexts see [9] - [18] just to mention a few.
In this paper, we consider the valuation of the European call option via the fast Fourier transform and the improved Mellin transform on a dividend paying stock. The rest of the paper is organized as follows. Section 2 presents overview of the Black-Scholes-Merton model. Section 3 considers some fundamental properties of the Fourier transform and the fast Fourier transform method for the valuation of European options. In Section 4, we present the Mellin transform, some basic properties and the application of the improved Mellin transform in the theory of European call option valuation. Section 5 presents some numerical examples and discussion of results. Section 6 concludes the paper.
Black-Scholes-Merton-Like Valuation Formula
We consider a market where the underlying asset price , 0 ≤ ≤ t S t T is governed by the stochastic differential equation of the form
where σ is the volatility, r is the riskless interest rate, q is the dividend yield and t W is a one-dimensional 
Then the explicit formula for the evolution of the underlying price of the asset is given by
Differentiating (4) we have ( )
, , ,
Recall from Ito's lemma and using (2) for any derivative ( )
From (2), we can write for
Substituting (4), (5) and (7) into (6) and rearranging the terms, we have
Thus, ln n t S is a Brownian motion with drift parameter To derive an explicit formula for the evolution of the stock price, we integrate (9) from 0 to T to obtain
Equation (11) can also be written as
where Z ∼ N(0,1). Therefore the stock dynamic follows a log-normal distribution. For n = 1, (12) becomes
Equation (13) shows that plain vanilla option follows a log-normal distribution. 
3) The solution to (16) is obtained as ( )
, e e
and ( )
. N is the commutative distribution function for the standard normal distribution
European Options

Definition 1
European is an option that can be exercised only at the expiry date with linear payoff. European option comes in two forms namely European call and put options.
Definition 2 A European call option is an option that can be exercised only at expiry and has a linear payoff given by the difference between underlying asset price at maturity and the exercise price.
Definition 3
A European put option is an option that can be exercised only at expiry and has a linear payoff given by the difference between the exercise price and underlying asset price at maturity.
For a European option on the underlying price of the asset t S with exercise price K and time to expiry T, we have the payoff for the European call option as ( ) ( )
The payoff for the European power put option is given as 
Fast Fourier Transform Method for the Valuation of European Call Options
This section presents some fundamental properties of Fourier transform and the fast Fourier transform method for the valuation of European options. The fast Fourier transform was first proposed by [2] . It ensures that the Fourier transform of the call price exist by the inclusion of a damping factor. Moreover, Fourier inversion can be accomplished by the fast Fourier transform in this case. The tremendous speed of the fast Fourier transform allows option prices for a huge number of strikes to be evaluated very rapidly.
Fourier Transforms
Definition 4
The Fourier transform is a generalization of the complex Fourier series.
Definition 5
If ( ) f x is square integrable, then the inverse Fourier transform of ( )
Some Fundamental Properties of Fourier Transforms
Let the Fourier transform of ( )
then the following fundamental properties hold as follows:
2) Shifting/Translation Property ( 
3) Fourier Transform of Derivatives
This process can be iterated for the n th derivative to yield
Thus, a differentiation converts to multiplication in Fourier space.
4) Convolution Property
where 
The Fast Fourier Transforms
The fast Fourier transform (FFT) is proposed by [20] . The fast Fourier transform is an efficient algorithm for computing the discrete Fourier transform of the form;
where N is typically a power of two. Equation (33) 
The fast Fourier transform can be described by the following three steps as ( ) 
e e , e , , β ω ω
The Characteristic Function in the Domain of the Black-Scholes Model
The dynamics of the stock price t S in a risk-neutral Black-Scholes world follows geometric Brownian motion with a non-dividend yield is of the form
S rS t S W S
Utilizing the Ito's formula we can explicitly solve for T S ; 
Application of the Fast Fourier Transform for the Valuation of European Call Options
The Fourier pricing techniques and Fourier inversion methods for density calculations add a versatile tool to the set of advanced techniques for pricing and management of financial derivatives. The Fast Fourier transform method is a numerical approach for pricing options which utilizes the characteristic function of the underlying instrument's price process. This approach was introduced by [2] . The Fast Fourier transform method assumes that the characteristic function of the log-price is given analytically.
Consider the valuation of European call option. Let the risk neutral density of log = 
where p is the log of the strike price K i.e. . We consider a modified version of the call price in (39) given by
Equation (40) is square integrable in p over the entire real line. Using (24) and (25), we have that
Substituting (40) 
lim e lim e lim e 0 
By recognizing that the call price is real (even in real part, odd in imaginary). Due to the condition a, (46) is well defined. After discretizing and using Simpson's 1 3 rule, (46) can be computed numerically by means of the fast Fourier transform as:
where ( ) 
From (48b), we can get more fluctuating integrand by increasing any of the parameters , , , and σ T a s r . The magnitudes of these fluctuations get larger which can be seen from the exponential term in (48a).
Remark 5
At this point it is unavoidable to comment on the choice of the integrability parameter a. A small value of a is favourable since this reduces both the oscillations and the magnitudes hereof. However choosing a too small can turn the integrand into a sort of impulse function, which is not tractable at all from a numerical integration point of view. This follows from the fact that in the origin 0 = v , the Black-Scholes integrand in (48a) becomes This completes the proof.
Mellin Transform Method for the Valuation of European Call Options
In this section, we present the Mellin transform, some basic properties and the application of the improved Mellin transform in the theory of option pricing.
Mellin Transforms
Definition 6
The Mellin transform is a complex valued function defined on a vertical strip in the ω-plane whose boundaries are determined by the asymptotic behaviour of f(x) as x → 0 + and x → ∞. The Mellin transform of the function f(x) is defined as 
c) The Mellin Transform of Derivatives
where the symbol ( ) ω − j j is defined for k integer by; 
where j is a positive integer and
Integral Representation for the Price of European Call Options via the Mellin Transform
We observe that
the Mellin transform for the call option does not exist and the integral fails to converge. In this paper we use the improved version of the Mellin transform for the valuation of the European call option with the variable change
With this change the usual notation for the transform is preserved. This is to ensure the Mellin transform of the European call payoff function exists for some fundamental strip. The improved Mellin transform for the price of the European call option is defined as
Conversely the inversion formula for (58) is given by
Taking the improved Mellin transform of (20) yields
Equation (60) becomes 
Using (62) and (65), we have that
Taking the inverse improved Mellin transform of (66), the integral representation for the price of European call option is obtained as
is a constant and
Theorem 5:
The boundary value problem for the Black-Scholes-Merton Equation (20) for the price of the European call option with exercise price K, subject to the boundary condition (23) has a unique solution of the form
Taking the inverse improved Mellin transform of (72), we have that 
Equation (74) 
Using the scaling property (52) and the convolution property (55), we have that 
If we impose the final time condition ( ) ( ) ( ) ( )
Equation (79) 
is the Mellin transform of ( ) 
We get ( ) 
By means of convolution property of the Mellin transforms (see [22] ). The price of the European call option becomes
From (81) we write that
Combining (79), (92) and (93) we have that (
To evaluate the first and second integrals in (97) and (98), we use the transformations
1 ln
respectively.
Finally, we obtain the first and second parts of (94) as 
, e e − − − −
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This completes the proof.
Numerical Examples and Discussion of Results
In We consider the valuation of European call option with Forty-Eight months to go until expiration on the "Standard and Poor's 500" index (S & P 500), with a current price of $110, a strike price of $100, a continuously compounded interest rate of 5%, a volatility of 35% and varying a constant annual index dividend estimated at { } 1%, 2%, 3%, 4%, 5% = q using fast Fourier transform, improved Mellin transform, Monte Carlo method in the context of the Black-Scholes-Merton model. The influence of dividend yield on the results generated is shown in Figure 5 . Figures 2-4 show that the fast Fourier transform and the improved Mellin transform perform better and agree with the values of the Black-Scholes-Merton model. We can also see that the improved Mellin transform provides a close approximation to the Black-Scholes-Merton formula. Figure 5 shows that the values of the improved Mellin transform, Monte Carlo method and the Black-Scholes-Merton model coincide. Also the higher the dividend yield, the smaller the values of the methods. The numerical results show that the tremendous speed of the fast Fourier transform allows option prices for a huge number of strikes to be evaluated very rapidly but the damping factor or the integrability parameter must be carefully chosen since it controls the intensity of the fluctuations and the magnitude of the functional values. The improved Mellin transform provides accurate comparable prices and the approach can be regarded as a good alternative to existing methods.
Discussion of Results
Conclusion
We have considered the fast Fourier transform and the improved Mellin transform for the valuation of the European call option which pays dividend yield. Financial modeling in the area of option pricing involves detailed knowledge about stochastic processes describing the asset payoffs. For sophisticated price dynamics, these are most conveniently characterized through functions in image space. By a mapping of the probability function from spatial domain to the unit circle in the complex plane, expected values of a future payoff are then available in the form of an integral representation. In this paper, we outlined general features of Fourier transform tech- niques applicable to both the modeling of density functions and European call option pricing. We also consider some properties of the Mellin transform and its applications in the theory of option valuation. To emphasis the generality of our results, we have shown the equivalence of the integral representation for the price of the European call option via the improved Mellin transform to the Black-Scholes-Merton formula. From Figures 2-5 , we can see that the improved Mellin transform provides a close approximation to the Black-Scholes-Merton model, more accurate than the fast Fourier transform and it is a good alternative method for the valuation of the European call option on a dividend paying stock.
